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Abstract
A new class of higher-curvature modifications of D(≥ 4)-dimensional Einstein gravity has
been recently identified. Densities belonging to this “Generalized quasi-topological” class (GQTGs)
are characterized by possessing non-hairy generalizations of the Schwarzschild black hole sat-
isfying gttgrr = −1 and by having second-order equations of motion when linearized around
maximally symmetric backgrounds. GQTGs for which the equation of the metric function
f(r) ≡ −gtt is algebraic are called “Quasi-topological” and only exist for D ≥ 5. In this pa-
per we prove that GQTG and Quasi-topological densities exist in general dimensions and at
arbitrarily high curvature orders. We present recursive formulas which allow for the systematic
construction of n-th order densities of both types from lower order ones, as well as explicit
expressions valid at any order. We also obtain the equation satisfied by f(r) for general D and
n. Our results here tie up the remaining loose end in the proof presented in arXiv:1906.00987
that every gravitational effective action constructed from arbitrary contractions of the metric
and the Riemann tensor is equivalent, through a metric redefinition, to some GQTG.
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1 Introduction
In recent times, a new class of higher-curvature modifications of the Einstein-Hilbert action has
been identified. These so-called “Generalized quasi-topological gravities” (GQTGs) are covariant
metric theories whose action can be generically written as
S =
1
16piG
∫
dDx
√
|g|
[
−2Λ +R+
∑
n=2
∑
in
`2(n−1)µ(n)in R
(n)
in
]
, (1)
where R(n)in are densities constructed from n Riemann tensors and the metric,1 the µin are dimen-
sionless couplings, ` is some length scale, and in is an index running over all independent GQTG
1In principle, GQTG densities involving covariant derivatives of the metric could also exist, but these have not
been constructed to date.
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invariants of order n. In general, GQTGs have fourth-order equations of motion. However, their
defining property corresponds to the fact that, when evaluated on a general static and spherically
symmetric ansatz —see eq. (3) below— their equations of motion become second-oder, so they
admit black holes characterized by the condition gttgrr = −1 in Schwarzschild-like coordinates,
i.e., they take the form
ds2f = −f(r)dt2 +
dr2
f(r)
+ r2dΩ2(D−2) , (2)
where f(r) satisfies an equation which contains at most two derivatives of such function —so that
eq. (2) reduces to the usual Schwarzschild solution when we turn off all the µin . A particularly
important subclass of GQTGs corresponds to Lovelock theories [2, 3], which are the most general
theories for which the second-order-equations condition actually holds for any metric. Besides
Einstein gravity itself, there are no non-trivial Lovelock densities in D = 4 —the first non-trivial
one in D ≥ 5 corresponds to the Gauss-Bonnet density. Interestingly, non-trivial GQTGs do exist
for n ≥ 3 in D = 4.
GQTG densities possess a series of interesting properties which have been studied in many
papers [4–27] and appear summarized in some detail e.g., in [1]. Among the most relevant ones,
we can mention: i) when linearized around any maximally symmetric background, their equations
are identical to the Einstein gravity ones, up to a redefinition of the Newton constant —in other
words, they only propagate the usual transverse and traceless graviton in the vacuum [4–10];2 ii)
they possess non-hairy black hole solutions fully characterized by their ADM mass/energy and
whose thermodynamic properties can be obtained from an algebraic system of equations; iii) at
least in D = 4, black holes generically become thermodynamically stable below certain mass [10];
iv) in addition to black holes, certain subsets of GQTGs also contain Taub-NUT/Bolt solutions
characterized by a single metric function and analytic thermodynamics [17]; v) when evaluated on
a Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) ansatz, certain GQTGs in D = 4 also give rise
to second-order equations for the scale factor, with intriguing consequences regarding cosmological
evolution [21–23]; vi) we can consider arbitrary linear combinations of GQTG densities and the
corresponding properties hold, which means, in particular, that GQTG theories have a well-defined
and continuous Einstein gravity limit, corresponding to setting all higher-curvature couplings to
zero.
In addition to these properties, in [1] it was shown that any higher-curvature effective action
involving arbitrary contractions of the metric and the Riemann tensor can be mapped, via a metric
redefinition, to some GQTG. This claim was shown to be true as long as at least one GQTG density
exists at every order in curvature. Here we complete this proof by explicitly constructing GQTG
densities for general n and D.
Among all GQTG densities, special mention deserve the so-called Quasi-topological theories
[39–41]. For those, the equation characterizing the metric function f(r) is algebraic and, at least in
the cases studied, they satisfy a Birkhoff theorem [39, 42–44]. Theories of this subclass only exist
for D ≥ 5. Prior to this paper, Quasi-topological gravities had been constructed order by order
in curvature for n = 3 [39, 40], n = 4 [9, 45] and n = 5 in D = 5 [44]. A particular subclass of
Quasi-topological gravities —characterized by the additional property that the trace of the field
equations is second-order in derivatives of the metric for general backgrounds— had been previously
2Higher-curvature gravities satisfying this property —but not necessarily the GQTG condition eq. (8)— have been
also studied in several other papers, e.g., [28–38].
2
identified in D = 2n− 1 for general n [39, 42, 46]. Here, we conclude the order-by-order program,
by providing explicit constructions of Quasi-topological densities of arbitrary curvature orders and
in general dimensions.
The remainder of the paper goes as follows. In Section 2 we review the defining properties
of GQTGs and (a particular subset of those corresponding to the so-called) Quasi-topological
gravities. In Section 3 we show how both GQTGs and Quasi-topological densities of arbitrary
orders in curvature can be constructed recursively starting from lower-order densities. In Section 4
we provide explicit formulas for n-th order GQTG and Quasi-topological densities. In Section 5 we
obtain the equations satisfied by the metric function f(r) characterizing the static black holes of
GQTG and Quasi-topological gravities. We conclude in Section 6 with some prospects for future
research.
2 Generalized quasi-topological gravities
In this section we review the defining properties of GQTGs and introduce some terminology required
for a proper understanding of the following sections. Special emphasis is put in the difference be-
tween the subclass of theories commonly known as “Quasi-topological gravities” and those GQTGs
not belonging to this subset.
2.1 Definitions
Let us start our discussion with a general static and spherically symmetric ansatz (SSS),
ds2N,f = −N(r)2f(r)dt2 +
dr2
f(r)
+ r2dΩ2(D−2) . (3)
Given some curvature invariant of order n, R(n), consider the effective Lagrangian resulting from
the evaluation of
√|g|R(n) in eq. (3)
LN,f ≡ N(r)rD−2R(n)
∣∣
N,f
, (4)
(up to an irrelevant angular contribution). The associated action evaluated in eq. (3) reads
SN,f ≡
∫
dDx
√
|g|R(n)
∣∣∣∣
N,f
≡ Ω(D−2)
∫
dt
∫
drLN,f , (5)
where Ω(D−2) ≡ 2pi
(D−1)
2 /Γ[D−12 ]. Given a generic theory, imposing the full nonlinear equations of
motion to be satisfied for a metric of the form (3) can be seen to be equivalent to imposing the
Euler-Lagrange equations associated to N(r) and f(r) —see e.g., [10, 47, 48]—,
Eab
∣∣∣
N,f
≡ 1√|g| δSδgab
∣∣∣∣∣
N,f
= 0 ⇔ δSN,f
δN
=
δSN,f
δf
= 0 . (6)
Now, let Lf ≡ L1,f and Sf ≡ S1,f , namely, the expressions resulting from setting N = 1 in LN,f .
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Definition 1. We say that R(n) is of the GQTG class if the Euler-Lagrange equation of f(r)
associated to Lf vanishes identically, i.e., if
34
δSf
δf
= 0 , ∀ f(r) . (8)
This is equivalent to Lf being a total derivative, namely, to
Lf = F
′
0 , (9)
for some function F0(r, f(r), f
′(r)).
Observe that the above conditions exclusively depend on the on-shell Lagrangian evaluated on
the single-function ansatz appearing in eq. (3) with N = 1, i.e., on eq. (2). However, in order
to obtain the equation satisfied by f(r) for a given GQTG density from this on-shell Lagrangian
method, we need to compute LN,f . Then, the equation of f(r) can be obtained from its variation
with respect to N(r), i.e.,
δSN,f
δN
∣∣∣∣
N=1
= 0 ⇔ equation for f(r) . (10)
As argued in [8], provided eq. (9) holds, the effective Lagrangian LN,f always takes the form
LN,f = NF
′
0 +N
′F1 +N ′′F2 +O(N ′2/N) , (11)
where F1 and F2 are functions of f(r) and its derivatives, and O(N ′2/N) is a sum of terms which
are at least quadratic in derivatives of N(r). Then, integrating by parts, it can be shown that
SN,f = Ω(D−2)
∫
dt
∫
dr
[
N
(
F0 − F1 + F ′2
)′
+O(N ′2/N)
]
. (12)
The structure is such that we can write all terms involving a single power of N(r) (or its derivatives)
as a product of N(r) and a total derivative which is a function of f(r) alone. Imposing condition
(10) equates that total derivative piece to zero, so we can integrate it once, yielding [8]
FR(n) ≡ F0 − F1 + F ′2 = C , (13)
where the integration constant C will be related to the ADM mass of the solution [49–52]. Hence,
given some GQTG density R(n), we just need to evaluate LN,f as defined in eq. (4) and then
identify the functions Fi=0,1,2 from eq. (11). The equation of f(r) is then given by eq. (13).
Since we have integrated once, one would naively expect this equation to be third-order in
derivatives of f(r) in general —see eq. (14) below. However, as explained in [8], the b = r component
of the Bianchi identity, ∇aEab = 0, relates dErr/dr to the rest of nonvanishing components (without
derivatives), which implies that Err is in fact third-order in derivatives of f(r). It follows that
3Naturally, the condition is exactly the same if, instead of a single density R(n), we consider a full higher-order
Lagrangian L(gab, Rabcd,∇aRbcde, . . . ) involving any linear combination of densities of arbitrary orders, as in eq. (1).
4In terms of Lf , this condition reads
∂Lf
∂f
− d
dr
∂Lf
∂f ′
+
d2
dr2
∂Lf
∂f ′′
= 0 , ∀ f(r) . (7)
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eq. (13), where we have integrated once, is at most second-order in derivatives of f(r). In the
following subsection we will subdivide GQTGs in two groups: those for which eq. (13) indeed
involves f ′(r) and f ′′(r), and those for which eq. (13) is in fact an algebraic equation. We analyze
these two possibilities in more detail in the following subsection. The explicit form of the equation
will be obtained in Section 5 for both types of theories for general D and n.
2.2 Lovelock vs Quasi-topological vs Generalized quasi-topological
For a general higher-curvature density constructed from arbitrary contractions of the Riemann
tensor and the metric, the nonlinear equations of motion involve up to four derivatives of gab and
can be written generically as (see e.g., [53])
Eab ≡ Pa cdeRbcde − 1
2
gabR(n) − 2∇e∇fPaefb = 0 , where P abcd ≡
[
∂R(n)
∂Rabdc
]
gef
. (14)
All contributions involving more than two derivatives come from the last term in Eab. The class
of theories for which such term is absent are the well-known Lovelock gravities [2, 3], which are
indeed the most general covariant metric theories with second-order equations of motion. For a
given n, the Lovelock density X(n) turns out to be defined in general D so that it reduces to the
Euler density of compact manifolds when considered in D = 2n. As a consequence of the above
condition, Lovelock theories satisfy eq. (8), so they are the simplest examples of GQTGs. When
considered for a static and spherically symmetric ansatz, Err is first-order in derivatives of f(r) and
therefore eq. (13) is just an algebraic (polynomial) equation for f(r) [54–61]
The next-to-simplest case corresponds to the so-called Quasi-topological gravities [39–41, 44, 45].
As opposed to Lovelock theories, Quasi-topological gravities have fourth-order equations of motion
on general backgrounds. However, they behave very similarly to Lovelock theories when considered
on solutions of the form (3). In particular, their distinguishing property is that eq. (13) is also
algebraic. However, it has also been shown that all Quasi-topological gravities constructed to date
satisfy a Birkhoff theorem when the background is promoted to a time-dependent one [39, 42–44].
Definition 2. We say that a GQTG density belongs to the Quasi-topological subclass if the equation
of f(r) —eq. (13)— is algebraic, i.e., if it does not involve derivatives of f(r).
From this perspective, Lovelock theories are in turn a subset of the Quasi-topological subclass.
Just like for them, Err is first-order for Quasi-topological gravities, which is a reflection of the fact
that
∇aPabcd|f = 0 , (15)
i.e., the piece responsible for the higher-derivative terms vanishes when evaluated on the static and
spherically symmetric metric eq. (2). However, let us note that Quasi-topological theories appear
to follow from the apparently less-restrictive condition of demanding that the trace of the field
equations is proportional to the Lagrangian itself —i.e., ∇aPab|f = 0 for Pab|f = P cacb|f . Then,
given some density Z(n) satisfying the GQTG condition eq. (8) —or, equivalently eq. (9)—, it is
possible to show that this will be of the Quasi-topological subclass if[
(D − 2)
r
∂
∂f ′′
+
d
dr
∂
∂f ′′
+
(D − 3)
2
∂
∂f ′
+
r
2
d
dr
∂
∂f ′
− r ∂
∂f
]
Z(n)|f = 0 , (16)
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which follows from the condition of second-order traced field equations for SSS backgrounds —see
Section 5 where we will make use of the explicit form of Pabcd. It would be interesting to determine
if these conditions leading to algebraic field equations for the SSS backgrounds also imply a Birkhoff
theorem for time-dependent metric ansatze.
In sum, “Quasi-topological” gravities are a subset of the broader GQTG class which includes,
in particular, Lovelock theories. Such subset can be characterized by condition eq. (16). In this
paper, we will distinguish between Quasi-topological gravities —which we will denote by Z(n)—
and non-trivial GQTGs not belonging to the Quasi-topological class —which we will denote by
S(n). For simplicity, we will simply refer to the latter as GQTGs from now on. While GQTGs
exist in D = 4 for n ≥ 3, the only nontrivial Quasi-topological (and Lovelock) theory in D = 4
is Einstein gravity. For D ≥ 5, on the other hand, Quasi-topological and GQTG densities coexist
for general curvature orders. Note finally that there exists yet another subset of GQTGs, which
consists of densities that become trivial when evaluated on eq. (3).
3 Recursive relations
In this section we show that Quasi-topological and GQTGs of arbitrary curvature orders can be
constructed from simple recursive relations involving lower-order densities of the same kind (in
each case). This concludes the program of constructing examples of this kind of theories order by
order in curvature. It also completes the proof of Ref. [1] that any higher-curvature effective action
involving arbitrary contractions of the Riemann tensor and the metric can be written, via metric
redefinitions, as a GQTGs.
3.1 Generalized quasi-topological gravities
For a metric of the form (2), the Riemann tensor can be conveniently written as [62]
Rabcd
∣∣∣
f
= 2
[
−AT [a[c T
b]
d] + 2BT
[a
[c σ
b]
d] + ψσ
[a
[cσ
b]
d]
]
, (17)
where T ba and σ
b
a are, respectively, projectors on the (t,r) and angular directions,
5 and we defined
the functions A, B and ψ as
A ≡ f
′′(r)
2
, B ≡ −f
′(r)
2r
, ψ ≡ k − f(r)
r2
, (18)
where we have relaxed the spherical-horizon condition, the constant k taking the values 1, 0,−1 for
spherical, planar, and hyperbolic horizons, respectively.
Now, examples of GQTGs have been constructed in general dimensions and for considerably
high orders of curvature [4–10, 23]. Analyzing the existent cases, we observe that all of them satisfy
the total derivative condition (9) with
rD−2S(n)|f =
d
dr
[
2(n− 2)rD−1
(
B +
(D − 4)
4
ψ
)n−1(
B − (D − 4 + 2n)
2(n− 2) ψ
)]
. (19)
5They satisfy: σbaσ
c
b = σ
c
a, T
b
aT
c
b = T
c
a , σ
b
aT
c
b = 0, δ
a
b σ
b
a = (D − 2), δabT ba = 2, δab = T ab + σab .
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This expands to
S(n)|f = +
1
2
[
(n− 1)
(
(D − 4)ψ − (D − 6)B + 2A
)(
(D − 4 + 2n)ψ − 2(n− 2)B
)
− 2
(
B +
(D − 4)
4
ψ
)(
(D − 3)(D − 4 + 2n)ψ (20)
+ ((6− 2n)D + 8(n− 2))B + 2(n− 2)A
)](
B +
(D − 4)
4
ψ
)n−2
.
Observe that the overall factor in the rhs of eq. (19) and eq. (20) is not fixed, as it can be modified
by redefining the corresponding gravitational coupling. For instance, for S(m), m = 1, 2, 3, 4, 5, we
may choose
S(1) =−R , (21)
S(2) =−
D
4(D − 2)(D − 3)
[
R2 − 4RabRab +RabcdRabcd
]
, (22)
S(3) = +
3DRRabR
ab
4(D − 1)(D − 2)2 −
(D2 + 8D − 8)R3
16(D − 1)2(D − 2)2 −
3RabRcdWacbd
2(D − 2)(D − 3)
− 3DRWabcdW
abcd
16(D − 1)(D − 2)(D − 3) +
(D − 2)(2D − 1)WabcdWcdefWef ab
8(D − 3)(D3 − 9D2 + 26D − 22) , (23)
while S(4) and S(5) are presented in the appendix. Note these expressions are normalized in a way
such that eq. (19) and eq. (20) hold as they are.
While the pattern in eq. (19) is suggestively simple, there is a priori no guarantee that such ex-
pression will hold for arbitrarily high curvature densities. However, a careful inspection of eq. (19)
reveals the existence of an interesting recursive relation between densities of different orders satis-
fying such condition, namely,
S(n+5) = −
3(n+ 3)S(1)S(n+4)
4(D − 1)(n+ 1) +
3(n+ 4)S(2)S(n+3)
4(D − 1)n −
(n+ 3)(n+ 4)S(3)S(n+2)
4(D − 1)n(n+ 1) . (24)
It is not difficult to verify that replacing the explicit expressions of S(m)|f with m = 1, 2, 3, (n +
2), (n + 3), (n + 4) shown above in the rhs, one is left with an expression which precisely agrees
with the one corresponding to S(n+5)|f . This means that starting from the first five densities we
can construct densities of arbitrarily high order in curvature by iteratively applying eq. (24). Such
densities will automatically be of the GQTG class by construction. The existence of relation eq. (24)
automatically proves that GQTG densities exist at all orders in curvature.
3.2 Quasi-topological gravities
Similarly to the case of the GQTGs densities analyzed above, we observe that all known Quasi-
topological densities can be normalized so that, when evaluated in eq. (2), they can be written
as
rD−2Z(n)
∣∣
f
=
d
dr
[
rD−1ψn−1 ((2n−D)ψ − 2nB)] , (25)
which expands to
Z(n)
∣∣
f
= −4n(n− 1)B2ψn−2 + n (2A− 4(D − 2n)B)ψn−1 − (D − 2n)(D − 2n− 1)ψn . (26)
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For Zm, m = 1, 2, 3, 4, 5, we can choose
Z(1) =−R , (27)
Z(2) =−
1
(D − 2)(D − 3)
[
R2 − 4RabRab +RabcdRabcd
]
, (28)
Z(3) =−
8(2D − 3)
(D − 2)(D − 3)(D − 4)(3D2 − 15D + 16)
[
(D − 4)RabcdRbedfReaf c
+
3(3D − 8)
8(2D − 3)RabcdR
abcdR− 3(3D − 4)
2(2D − 3)Ra
cRc
aR (29)
− 3(D − 2)
(2D − 3)RacbdR
acb
eR
de +
3D
(2D − 3)RacbdR
abRcd
+
6(D − 2)
(2D − 3)Ra
cRc
bRb
a +
3D
8(2D − 3)R
3
]
,
while Z(4) and Z(5) are presented in the appendix. Note these expressions are normalized in a
way such that eq. (26) holds. The first two densities are proportional to the Einstein-Hilbert and
Gauss-Bonnet terms. The cubic-order one chosen here corresponds to the one in [40] up to a
normalization.
Interestingly, we find that a pattern analogous to the one found for the GQTGs in eq. (24)
holds for Quasi-topological gravities.
Z(n+5) = −
3(n+ 3)Z(1)Z(n+4)
D(D − 1)(n+ 1) +
3(n+ 4)Z(2)Z(n+3)
D(D − 1)n −
(n+ 3)(n+ 4)Z(3)Z(n+2)
D(D − 1)n(n+ 1) . (30)
Again, it is a computationally straightforward task to verify that replacing the explicit expressions
for Z(m)|f with m = 1, 2, 3, (n + 2), (n + 3), (n + 4) appearing in eq. (26) in the rhs of eq. (30),
the resulting expression agrees with the one corresponding to Z(n+5)|f . Hence, starting with the
first five densities, we can construct Quasi-topological gravities of arbitrarily high curvature orders.
Observe that, in principle, the fact that eq. (25) and eq. (30) hold does not necessarily guarantee
that the densities Z(n) resulting from the recursive relations will be of the Quasi-topological class for
general n ≥ 6. However, it is not difficult to show that any density satisfying eq. (26) automatically
satisfies the Quasi-topological condition eq. (16). Hence, all densities constructed using eq. (26)
will indeed be of the Quasi-topological class.
Observe the striking similarity between eq. (30) and the analogous recursive relation in eq. (24)
corresponding to the GQTG densities. In fact, the only difference between both expressions is
the “4” in the denominator of eq. (24), which appears replaced by a “D” in the analogous Quasi-
topological expression. This does not seem to be a coincidence. When we go to four dimensions,
both recursive relations match, and that is also the dimensionality for which Quasi-topological
gravities cease to exist —see below for more comments regarding this.
Let us finally mention that, to the best of our knowledge, no analogous recursive relation holds
for the Lovelock densities.
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3.3 Completing the proof of [1]: all higher-curvature gravities as GQTGs
In [1] it was shown that any gravitational effective action involving a general sum of higher-curvature
invariants —built from arbitrary contractions of the Riemann tensor and the metric— can be
transformed into a linear combination of GQTG (possibly including Quasi-topological) densities
by a metric redefinition, provided at least one of such densities existed at every order in curvature
—a detailed proof of why this holds can be found in that paper. Our results in the last two
subsections remove the “provided...” part of the result and complete its proof, which can therefore
be formulated as a theorem.
Theorem 1. Any higher-derivative gravity Lagrangian involving an arbitrary sum of invariants
constructed from the Riemann tensor and the metric can be mapped, order by order, to a sum
of GQTG terms through a metric redefinition gab = g˜ab + Q˜ab, where Q˜ab is a symmetric tensor
constructed from g˜ab and its derivatives.
Therefore, given some higher-curvature effective action, it is always possible to map it to a
GQTG frame in which the study of static black hole solutions is dramatically simplified. The
equations which characterize the black hole solutions of general GQTGs (and Quasi-topological
gravities) are fully worked out in Section 5.
Note finally that, in fact, the results in [1] also hold (at least) for general densities involving
eight (or less) derivatives of the metric (including covariant derivatives of the Riemann tensor), as
well as for densities constructed from an arbitrary number of Riemann tensors and two covariant
derivatives. Theorem 1 also holds when the corresponding gravitational effective action contains
terms of that kind (and possibly for general densities involving arbitrary numbers of covariant
derivatives and Riemann tensors).
4 Explicit formulas for n-th order densities
In the previous section we provided recursive relations which allow for the construction of GQTG
and Quasi-topological densities in general dimensions and for arbitrary curvature orders. However,
those expressions may be somewhat messy to apply in practice if we want to construct very high
order densities —e.g., a n = 1729 Quasi-topological gravity. In this section we provide explicit
expressions for n-th order densities of the GQTG and Quasi-topological classes.
Our strategy here will be to construct general enough order-n invariants built from general
combinations of certain “seed-invariants” such that the coefficients can be chosen to satisfy the
GQTG or Quasi-topological conditions respectively. In order to do that, we find it convenient to
start from a set of tensors constructed as linear combinations of the form
(i)Kcdab = (i)c0Rcdab − (i)c1R[c[aδ
d]
b] − (i)c2Rδ
[c
[aδ
d]
b] , (31)
where i = 1, 2, 3 and the constants (i)c0,1,2 will be fixed in a moment. Before doing so, we observe
that using eq. (17) it follows that
(i)Kcdab
∣∣∣
f
= (i)K1T
[a
[c T
b]
d] +
(i)K2T
[a
[c σ
b]
d] +
(i)K3σ
[a
[cσ
b]
d] , (32)
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where
K1 ≡ (−2c0 + c1 + 2c2)A− (D − 2)(c1 + 4c2)B − (D − 2)(D − 3)c2ψ , (33)
K2 ≡ (4c2 + c1)A+ (−Dc1 − 8(D − 2)c2 + 4c0)B − (D − 3)(2(D − 2)c2 + c1)ψ , (34)
K3 ≡ 2c2A− 2(2(D − 2)c2 + c1)B − ((D − 3)c1 − 2c0 + (D − 2)(D − 3)c2)ψ , (35)
and where we omitted the (i) superindices everywhere to avoid some unnecessary clutter. This
means that the invariants (i)Kcdab evaluated on the metric (2) can be written as a linear combination
of products of projectors analogous to the one corresponding to the Riemann tensor itself. The
relation between the (i)c0,1,2 and the
(i)K1,2,3 allows us to move from the covariant expressions for
the densities constructed from the (i)Kcdab, and their resulting expressions when evaluated on eq. (2).
Let us introduce some additional notation. We define(
(i)Kq
)cd
ab
≡ (i)Kab a1b1 (i)Ka1b1 a2b2 . . . (i)Kaqbq cd , (36)
and, from these, the invariants
Rq,m,p ≡
(
(1)Kq
)cd
ab
(
(2)Km
)ef
cd
(
(3)Kp
)ab
ef
. (37)
After some algebra, it is possible to show that when we evaluate these on the metric (2), they can
be written as
Rq,m,p|f = +
(
(1)K1
)q (
(2)K1
)m (
(3)K1
)p
(38)
+
(
(1)K2
)q (
(2)K2
)m (
(3)K2
)p
21−(q+m+p)(D − 2)
+
(
(1)K3
)q (
(2)K3
)m (
(3)K3
)p (D − 2)(D − 3)
2
.
Next, we should choose the constants (i)c0,1,2. We find it useful to fix them so that the resulting
tensors possess the following factorization property: when evaluated on the metric (2), we would
like them to be such that the dependence on the radial coordinate r completely factorizes from the
tensorial dependence, i.e., they should be such that (i)Kcdab
∣∣∣
f
= (i)F (r)Acdab, where A
cd
ab is independent
from r. Using this criterion, we set
(1)c0 = 0 ,
(1)c1 = −1 , (1)c2 = 1
D
, (39)
(2)c0 = 0 ,
(2)c1 = 0 ,
(2)c2 = −1 , (40)
(3)c0 = 1 ,
(3)c1 =
4
(D − 2) ,
(3)c2 =
2
(D − 1)(D − 2) . (41)
With these choices, (1)Kcdab, (2)Kcdab and (3)Kcdab are respectively the traceless Ricci tensor Rba −
(1/D)δbaR with each of its mixed indices antisymmetrized with those of a delta, the Ricci scalar
times two deltas doubly antisymmetrized, and the Weyl tensor. Explicitly, when evaluated on
eq. (2) they read
Rq,m,p|f = [A− (D − 4)B + (D − 3)ψ]q [−2A+ (D − 2)(4B + (D − 3)ψ)]m [A+ 2B − ψ]pβp,q ,
(42)
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where
βp,q ≡ (−1)
q2p
Dq [(D − 1)(D − 2)]p
[
(−1)p+q2p+q−1(D − 2)(D − 3) + 21−q(D − 2)(D − 3)p(D − 4)q (43)
+(−1)p(D − 2)p+q(D − 3)p] .
Note that they identically vanish both in D = 2 and D = 3, with some degree of simplification also
taking place for D = 4.
TheRq,m,p with the (i)c0,1,2 chosen in this way will be the seed invariants we will use to construct
explicit order-n GQTG and Quasi-topological densities. The next step is then to consider a generic
linear combination of the form
L(n) =
n∑
i=0
n−i∑
j=0
α
(n)
i,j Rj,n−i−j,i , (44)
the goal being to fix the α
(n)
i,j so that L(n) satisfies the GQTG or Quasi-topological conditions for
general n. Let us start with the former.
4.1 Generalized quasi-topological gravities
GQTG densities have been previously constructed for: n = 3 and general D ≥ 4 in [7]; n = 4 and
general D ≥ 4 in [9]; n = 5, · · · , 10 and D = 4 in [10, 23]. Here we extend those results to general
n and D ≥ 4.
In order for L(n) to be of the GQTG class, we need to impose condition (19). A careful analysis
reveals that we can reduce the number of terms appearing in the sum over j in eq. (44) to only
two. In particular, an expression of the form
S(n) =
n∑
i=0
α
(n)
i,0
βi,0
R0,n−i,i +
n−2∑
i=0
α
(n)
i,2
βi,2
R2,n−i−2,i , (45)
suffices. We find that for
α
(n)
i,0 = −
22(1−n)+i(i− 1)[2− i+D(i− 1)]n!
i!(n− i)!(D − 1)n−1(D − 2) , (46)
α
(n)
i,2 =
22(2−n)+i(i+ 1)(i+ 2)n!
(i+ 2)!(n− i− 2)!(D − 1)n−2(D − 2) , (47)
the GQTG condition is satisfied for general n. From the above we can see that the corresponding
order-n density will contain 2n − 1 terms (naively the sum involves 2n + 2 terms, however three
of those densities, corresponding to the combinations (0, 1), (1, 0) and (1, 1) vanish identically
independent of the space-time dimension). Each one of those can be obtained from eqs. (37), (36)
and eq. (31) with the (i)c0,1,2 given in eqs. (39), (40) and (41).
Defined as in eq. (45), the S(n) are GQTG densities normalized such that eq. (20) holds. While
it is fair to say that the above expression is not particularly simple, it can be straightforwardly
evaluated (at least in principle and perhaps with some computer help) at any order.
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4.2 Quasi-topological gravities
Let us now move on to the case of Quasi-topological gravities. Recall that theories of this kind have
been previously constructed for: n = 3 and general D ≥ 5 in [39, 40]; n = 4 and general D ≥ 5
[9, 45]; n = 5 and D = 5 in [44]. In addition to those, and prior to them, a particular subset of
Quasi-topological gravities had been identified for D = 2n− 1 and general n in [42] —see eq. (49)
below. Just like for the GQTG ones, here we extend the construction of Quasi-topological gravities
to general n and D ≥ 5.
Before doing so, let us recall the special Quasi-topological gravities for which explicit formulas
are known. The first corresponds to Lovelock theories which, from our perspective, can be under-
stood as a subset of the Quasi-topological class. Naturally, for those a closed-form expression is
well-known to exist. This reads
X(n) =
(2n)!
2n
δ
[a1
b1
δa2b2 · · · δ
a2n]
b2n
Rb1b2a1a2 · · ·Rb2n−1b2na2n−1a2n , (48)
which reduces to the Euler density of compact manifolds when D = 2n.
Also, a particular family of Quasi-topological gravities was constructed in D = 2n− 1 for arbi-
trary n [39, 42, 46]. In addition to condition (15), theories belonging to this family are characterized
by possessing second-order traced field equations. The corresponding densities are defined as
Z˜(n) =
(2n)!
2n(D − 2n+ 1)δ
[a1
b1
δa2b2 · · · δ
a2n]
b2n
(
W b1b2a1a2 · · ·W b2n−1b2na2n−1a2n −Rb1b2a1a2 · · ·Rb2n−1b2na2n−1a2n
)
(49)
− cnW a2n−1a2na1a2 W a1a2a3a4 . . .W a2n−3a2n−2a2n−1a2n ,
where
cn ≡ (D − 4)!
(D − 2n+ 1)!
[n(n− 2)D(D − 3) + n(n+ 1)(D − 3) + (D − 2n)(D − 2n− 1)]
[(D − 3)n−1(D − 2)n−1 + 2n−1 − 2(3−D)n−1] . (50)
After reviewing these cases, let us now resume our construction. In the case of Quasi-topological
gravities, in addition to eq. (19) we need to impose an additional condition, given by eq. (16). This
complicates a bit the problem. In particular, we seem to require all terms appearing in eq. (44).
Explicitly, we find
Z(n) =
n∑
i=0
n−i∑
j=0
α
(n)
i,j
βi,j
Rj,n−i−j,i , (51)
where
α
(n)
i,j ≡
(−1)i+122j+i−2n!
i!j!(n− i− j)! (52)
×
[
4i(i− 1)− 4(i− 1)(j + 2i− 1)D + (2(i− 1) + (j + 2i− 3)(j + 2i− 2))D2]
Dn−i(D − 1)n−j(D − 2)i+j .
Defined like this, Z(n) is a Quasi-topological density normalized so that eq. (26) holds. Again,
the expression is not particulary simple but, again, it is completely explicit and straightforward to
evaluate at any order (at least in principle).
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For the Quasi-topological gravities, our construction requires (n−1)(n+4)/2 densities (again the
sum naively contains (n+1)(n+2)/2 densities, but the ones corresponding to the (i, j) combinations
(1, 0), (0, 1) and (1, 1) vanish in a dimension-independent manner).
Before closing let us note that for both the GQTG and Quasi-topological theories, our determi-
nation of the constants has been performed in a dimension independent fashion. This leaves open
the possibility that for some orders n and in some spacetime dimension the covariant expressions
we have presented for GQTG or Quasi-topological theories could fail to exist. Such an occurrence
would be reflected in the existence of “dimension specific” zeroes of the constants βi,j . For example,
specializing to D = 4, it follows that
β
(D=4)
i,j =
(−1)i+j2i+j
3i
[
1 + (−1)j] . (53)
Obviously this means that βi,j = 0 for any odd value of j in D = 4. While there is no issue in
this case for GQTG theories (since in those cases we use only j = 0 and j = 2), this precludes
the existence of Quasi-topological theories of order n ≥ 3 in D = 4. Proving the absence of
zeroes in higher dimensions is more challenging, though it can indeed be done —we relegate this
proof to Appendix B. Therefore, the expressions presented above correspond to genuine, covariant
Quasi-topological Lagrangians for all D > 4 and all n > 2.
A further worry that one may have is that the expressions provided may become proportional to
a Lovelock density (for all backgrounds) of some order and in some dimension. However, this cannot
occur for the following reason. The expressions for the Quasi-topological Lagrangian densities
presented here make use of only a single Weyl scalar of highest-order n. However, the Lovelock
Lagrangian of order n makes use of multiple independent Weyl scalars of order n, provided that
n > 2 (as can be seen by re-writing the Lovelock Lagrangian in terms of the Weyl tensor). Since
the Weyl scalars will differ on generic backgrounds, the Lagrangian densities cannot be equal.
5 Black hole equations for n-th order densities
In Section 2 we explained that in order to obtain the equation satisfied by the metric function f(r)
for a given density from the on-shell action method, we require the evaluation of LN,f , as defined
in eq. (4). In this section we show that there is an alternative route which only requires the use of
the gttgrr = −1 metric in eq. (2), and which allows us to write in full generality such equation for
general GQTG and Quasi-topological densities of arbitrary order and for general D.
The idea is to make direct use of the full non-linear equations of motion, which we wrote above
for any higher-curvature gravity in eq. (14). Naturally, whenever the gttgrr = −1 ansatz holds,
such equations determine f(r) when we evaluate them on it. An important piece of information is
the expression for P abcd
∣∣
f
for a given density R(n). After some algebra, it can be shown that this
satisfies6
P abcd
∣∣∣
f
= P1T
[a
[c T
b]
d] + P2T
[a
[c σ
b]
d] + P3σ
[a
[cσ
b]
d] , (54)
6Note that Pabcd must have the form in eq. (54) due to symmetry. The value of the coefficients Pi can then be
obtained using the identity δL = P abcd δR cdab applied to the case of the single-function metric eq. (2).
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where we defined
P1 ≡ −
∂R(n)|f
∂f ′′
, P2 ≡ − r
D − 2
∂R(n)|f
∂f ′
, P3 ≡ − r
2
(D − 2)(D − 3)
∂R(n)|f
∂f
. (55)
From this expression, we can work out that
Rac
dePde
bc
∣∣∣
f
=
[
A
∂R(n)|f
∂f ′′
− rB
2
∂R(n)|f
∂f ′
]
T ba +
[
r2ψ
(D − 2)
∂R(n)|f
∂f
− rB
(D − 2)
∂R(n)|f
∂f ′
]
σba . (56)
We also need the expression resulting from taking two covariant derivatives of Pcd
ab. This results
in7
∇c∇dPacdb
∣∣∣
f
=− 1
8r2
[
rf ′
(
2r
dP1
dr
+ (D − 2)(2P1 − P2)
)
+2(D − 2)f
(
r
dP2
dr
+ (D − 3)(P2 − 2P3)
)]
T ba
− 1
4r2
[
r2f
d2P2
dr2
+ rf ′
(
r
dP2
dr
+ (D − 3) (P2 − 2P3)
)
+2(D − 2)f
(
r
dP2
dr
− rdP3
dr
+
(D − 4)
2
(P2 − 2P3)
)]
σba . (57)
With these expressions at hand, it is a matter of considering explicit expressions for the R(n) in
order to obtain the corresponding equations for f(r) using eq. (14).
5.1 Generalized quasi-topological gravities
Let us start with the GQTG densities. For those, a general-n expression for the equation of f(r)
was presented for D = 4 theories in [10]. In that paper, such expression was guessed from its explicit
computation for n = 3, 4, 5 and then verified to hold for n = 6, . . . , 10. In higher-dimensions, the
equations are known for n = 3, 4 [7, 9].
Using (14), (54), (57) and our explicit formula for S(n)|f in eq. (20), we find that the equation
of f(r) can be integrated once, and we are left with eq. (13), where
FS(n) =
1
32
(−2rf ′ + (D − 4)(k − f)
4r2
)n−3
×
[
4n(n− 1)(n− 2)rD−5f(rf ′ + 2(k − f))f ′′ − 4(n− 1)(n− 2)rD−4f ′3
+ 2(n− 2)rD−5
((
(D − 6)n2 − 2(D − 7)n+ 3(D − 4))f
+ k
(
(D − 8)n− 3(D − 4)))f ′2
+
((
4(D − 5)n3 − 2(7D − 34)n2 − (D2 − 22D + 80)n+ 3(D − 4)2)f
+ k(n− 3)(D − 4)(D + 2n− 4)
)
2rD−6(k − f)f ′
7In deriving this expression we have already assumed that δSf/δf = 0 holds and used this condition to simplify
the result.
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+ (D − 4)rD−7
((
8n3 − 24n2 − 2(D − 12)n− (D − 4)2)f
+ k(D − 4)(D + 2n− 4)
)
(k − f)2
]
. (58)
This expression reduces to all previously known results in the corresponding particular cases, as it
must.
Observe that the results in [1] along with Theorem 1 above make this equation particularly
important in the following sense. Since we can map any gravitational effective action to a GQTG
by a metric redefinition, the thermodynamic properties of black holes —which are frame indepen-
dent [1, 63]— can be dramatically more easily studied in the GQTG frame. In such a frame, all
information about the most general black hole is contained in eq. (58). This would allow for a
general study of the thermodynamics of higher-curvature gravity black holes in general D along
the lines of the four-dimensional case studied in [10].
5.2 Quasi-topological gravities
The case of Quasi-topological gravities is easier. This is because eq. (16) holds for them, and the
field equations simply reduce to
Eba
∣∣∣
f
= Rac
dePde
bc − 1
2
δbaZ(n)
∣∣∣∣
f
. (59)
Using eq. (26) for Z(n)|f , we are left with
FZ(n) =
(D − 2n)
2
rD−2n−1 (k − f)n , (60)
which is in agreement with the previously known expressions for n = 3, 4, 5 in various dimensions
[9, 41, 44, 45]. Note that while the above shows that Z(n) does not correct the metric function in
D = 2n, the non-vanishing of the on-shell Lagrangian itself means that these terms can still prove
non-trivial in some instances, e.g., in the thermodynamic description of black holes. This is similar
to how Lovelock theory of order n is dynamically trivial in D = 2n, yet still provides a non-trivial
correction to the black hole entropy.
5.3 Comments on densities normalization
Up to this point we have normalized the Lagrangian densities for the theories (equivalently, chosen
the coupling constants) in a manner that makes the on-shell Lagrangian relatively simple to work
with. However, this normalization is not canonical and indeed not the simplest normalization for
working directly with the field equations. Therefore, before closing, we present some remarks on
this point.
When the equations of motion for a given theory are evaluated on a maximally symmetric space
they will always reduce to a polynomial equation
h(x) ≡ − 2L
2Λ
(D − 1)(D − 2) − x+
∑
n
cnλnx
n = 0 , (61)
15
that determines the radius of curvature of the maximally symmetric space in terms of the coupling
constants of the given theory. Here cn are some constants and x is related to the constant cur-
vature of the maximally symmetric space, Rcdab = −2(x/L2)δ[c[aδ
d]
b] . As discussed at length above,
for Lovelock and Quasi-topological theories, this property of the field equations extends also to
spherically symmetric spacetimes. Therefore a particularly convenient and simple normalization
is that for which the constants cn are all equal to unity. For the Quasi-topological theories, this
choice of normalization can be accomplished by the following rescaling:
Z(n) →
(−1)n+1(D − 2)L2n−2
D − 2n Z(n) . (62)
Note that this rescaling is singular in the dimension D = 2n. That is simply because Quasi-
topological theories of order n do not contribute to the equations of motion for maximally (and
spherically) symmetric spacetimes in D = 2n.
In the case of GQTGs, the equations of motion for the spherically symmetric spacetimes are no
longer polynomial. However, it can still prove convenient to normalize these theories in the same
manner described just above. For these theories, this amounts to the rescaling
S(n) →
(−1)n+14n−1(D − 2)L2n−2
Dn−1(D − 2n) S(n) . (63)
Again, the factor of D − 2n appears in the denominator as expected since the field equations for
densities of order n do not contribute to the equations of motion for maximally symmetric spaces
in D = 2n. However, in this case it should be noted GQTG theories of order n do contribute
non-trivially to the equations of motion of spherically symmetric spacetimes in dimension D = 2n.
Therefore, the above normalization while always fine in D = 4, should not be applied in D = 2n
for D ≥ 4.
In dimensions larger than 4 one has both Quasi-topological and GQTGs. Therefore, an alter-
native normalization for the GQTG theories would be such that they simply do not contribute to
the equations determining the curvature scale of a maximally symmetric space. This normalization
can be accomplished by subtracting from a particular GQTG density a term proportional to a
Quasi-topological density of the same order:
S(n) → S(n) −
(
D
4
)n−1
Z(n) . (64)
Finally, it is worth mentioning a final ambiguity in the choice of the coupling constants. The
(Generalized) Quasi-topological theories are characterized by their properties on spherically sym-
metric spacetimes. However, this then means that the properties of these theories are left unchanged
if one adds to the action a term that is trivial on these geometries. However, while this ambiguity
has no effects in the realm of spherical symmetry (modulo a potential rescaling of the coupling),
it could have important consequences for other geometries of interest, e.g., in the cosmological
context [21, 23].
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6 Final comments
In this paper we have uncovered the structure of general-dimension and general-order GQTG and
Quasi-topological gravities. More explicitly, we have shown that GQTG and Quasi-topological
densities exist at all orders and how to obtain explicit expressions for such densities, as well as
recursive relations between different-order densities. We have also obtained the general equations
satisfied by the metric function f(r) for general D and n in both cases.
Our results complete the proof presented in [1] that any higher-curvature effective action can be
mapped via metric redefinitions to a GQTG. In particular, the thermodynamic properties of black
holes for such general effective actions can be in principle obtained from their much simpler GQTG
counterparts. The equations determining such solutions for general D and n are precisely the ones
obtained in Section 5 here, so it would be interesting to perform a full study of the thermodynamic
properties of the black hole solutions of general D and n GQTG and Quasi-topological gravities,
along the lines of the one performed in [10] for the D = 4 case. It would also be interesting to study
the holographic dictionary for those classes of theories, along the lines of [15, 19, 20, 41, 64–67].
By now, we know that special types of GQTGs satisfy additional properties, such as possessing
second-order equations also for Taub-NUT/Bolt [17] and FLRW [21–23] backgrounds. It would
be interesting to verify whether the recursive relations constructed here give rise to higher-order
densities satisfying these conditions when one starts with lower-order densities which do. Also,
one could try to construct general expressions for densities satisfying these additional properties.
Determining whether the order-reduction phenomenon occurring in the equations extends to other
kinds of solutions would also be an interesting problem. Work along some of these lines is in
progress.
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A Explicit Lagrangian densities for n = 4 and n = 5
In this appendix we present the explicit form of the quartic and quintic GQTG and Quasi-
topological densities used in Section 3 to construct the recursive relations in eqs. (24) and (27).
A.1 Generalized quasi-topological gravities
S(4) = + 3D
8(D − 1)2(D − 2)2R
2RabR
ab
− (D
2 + 20D − 20)
64(D − 1)3(D − 2)2R
4 − 3
2(D − 1)(D − 2)(D − 3)RR
abRcdWacbd
− 3(2D
5 − 17D4 + 33D3 + 16D2 − 64D + 32)
32(D − 1)2(D − 2)(D − 3)(2D4 − 17D3 + 49D2 − 48D + 16)R
2WabcdW
abcd
− 3D
(D − 3)(2D4 − 17D3 + 49D2 − 48D + 16)RR
abWa
cdeWbcde
+
3D2
4(D − 3)(2D4 − 17D3 + 49D2 − 48D + 16)R
abRcdWac
efWbdef
+
(D − 2)(2D − 1)
8(D − 1)(D − 3)(D3 − 9D2 + 26D − 22)RWab
efW abcdWcdef
+
3D2
4(D − 3)(2D4 − 17D3 + 49D2 − 48D + 16)R
c
aR
abWb
defWcdef
− 3(D − 2)
2(3D − 2)
64(D − 3)(D5 − 14D4 + 79D3 − 224D2 + 316D − 170)Wab
efWcd
abWgh
cdW ghef , (65)
S(5) = + 5DRabR
abR3
32(−2 +D)2(−1 +D)3 −
(−36 + 36D +D2)R5
256(−2 +D)2(−1 +D)4 −
15R2RabRcdWacbd
16(−3 +D)(−2 +D)(−1 +D)2
− 5(96− 224D + 144D
2 +D3 − 17D4 + 2D5)R3WabcdW abcd
128(−3 +D)(−2 +D)(−1 +D)3(16− 48D + 49D2 − 17D3 + 2D4)
− 15DR
abR2Wa
cdeWbcde
4(−3 +D)(−1 +D)(16− 48D + 49D2 − 17D3 + 2D4)
+
15D2RabRcdRWac
efWbdef
16(−3 +D)(−1 +D)(16− 48D + 49D2 − 17D3 + 2D4)
+
5(−2 +D)D(392− 1311D + 1672D2 − 1037D3 + 342D4 − 58D5 + 4D6)R2WabefW abcdWcdef
64(−3 +D)(−1 +D)2(−22 + 26D − 9D2 +D3)(176− 600D + 775D2 − 482D3 + 161D4 − 28D5 + 2D6)
+
15D2Ra
cRabRWb
defWcdef
16(−3 +D)(−1 +D)(16− 48D + 49D2 − 17D3 + 2D4)
+
5(−2 +D)DRabRWacdeWbcfgWdefg
4(−3 +D)(176− 600D + 775D2 − 482D3 + 161D4 − 28D5 + 2D6)
− 5(−2 +D)D
2RabRcdWac
efWbd
ghWefgh
16(−3 +D)(176− 600D + 775D2 − 482D3 + 161D4 − 28D5 + 2D6)
− 15(−2 +D)
2(−2 + 3D)RWabefW abcdWcdghWefgh
256(−3 +D)(−1 +D)(−170 + 316D − 224D2 + 79D3 − 14D4 +D5)
− 5(−2 +D)D
2Ra
cRabWb
defWcd
ghWefgh
16(−3 +D)(176− 600D + 775D2 − 482D3 + 161D4 − 28D5 + 2D6)
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+
(−2 +D)3(−3 + 4D)WabefW abcdWcdghWef ifWghif
64(−3 +D)(−1150 + 2954D − 3202D2 + 1934D3 − 705 D4 + 155D5 − 19D6 +D7) . (66)
A.2 Quasi-topological gravities
Z(4) =− 384(D − 8)R
a
bR
c
aR
d
cR
b
d
(D − 2)5(D3 − 8D2 + 48D − 96) −
1152RabR
abRcdR
cd
(D − 2)5(D3 − 8D2 + 48D − 96)
− 64(D
3 − 10D2 + 40D + 24)RRcaRbcRab
(D − 1)(D − 2)5(D3 − 8D2 + 48D − 96) +
24(D4 − 6D3 + 20D2 + 104D − 64)R2RabRab
(D − 1)2(D − 2)5(D3 − 8D2 + 48D − 96)
− (D
5 + 6D4 − 64D3 + 416D2 + 176D − 480)R4
(D − 1)3(D − 2)5(D3 − 8D2 + 48D − 96) −
96(D + 2)RRabRcdWacbd
(D − 1)(D − 2)4(D − 3)(D − 4)
− 6(2D
5 −D4 − 31D3 + 20D2 + 20D − 16)R2WabcdW abcd
(D − 1)2(D − 2)3(D − 3)(D − 4)(2D4 − 17D3 + 49D2 − 48D + 16)
+
96(2D4 − 7D3 − 7D2 + 18D − 8)RRabWacdeWdebc
(D − 1)(D − 2)3(D − 3)(D − 4)(2D4 − 17D3 + 49D2 − 48D + 16)
+
384RcaR
abRdeWbdce
(D − 2)4(D − 3)(D − 4) −
48(7D2 − 10D + 4)RabRcdWacefWbdef
(D − 2)3(D − 3)(2D4 − 17D3 + 49D2 − 48D + 16)
− 8(2D
4 − 15D3 + 26D2 + 27D − 58)RWabefW abcdWcdef
(D − 1)(D − 2)2(D − 3)(D − 4)(D2 − 6D + 11)(D3 − 9D2 + 26D − 22)
− 48(7D
2 − 10D + 4)RcaRabWbdefWcdef
(D − 2)3(D − 3)(2D4 − 17D3 + 49D2 − 48D + 16)
+
96RabWa
cdeWbc
fgWdefg
(D − 2)2(D − 3)(D − 4)(D2 − 6D + 11)
− 3(3D − 4)Wab
cdWcd
efWef
ghWgh
ab
(D − 2)(D − 3)(D5 − 14D4 + 79D3 − 224D2 + 316D − 170) , (67)
Z(5) = +
512(−64− 12D +D2)RacRabRbdRceRde
(−4 +D)(−2 +D)6(−128 + 32D +D3) +
5120(4 +D)RabR
abRc
eRcdRde
(−4 +D)(−2 +D)6(−128 + 32D +D3)
− 640(4608 + 3712D − 2880D
2 + 664D3 − 126D4 + 7D5)RacRabRbdRcdR
(−4 +D)(−2 +D)6(−1 +D)(−128 + 32D +D3)(−96 + 48D − 8D2 +D3)
− 1920(−768− 320D + 280D
2 − 58D3 + 11D4)RabRabRcdRcdR
(−4 +D)(−2 +D)6(−1 +D)(−128 + 32D +D3)(−96 + 48D − 8D2 +D3)
− 160(4096− 27136D + 7168D
2 + 160D3 − 64D4 + 116D5 − 16D6 +D7)RacRabRbcR2
(−4 +D)(−2 +D)6(−1 +D)2(−128 + 32D +D3)(−96 + 48D − 8D2 +D3)
+
40(30720− 20992D − 41216D2 + 17920D3 − 2784D4 + 656D5 + 28D6 − 8D7 +D8)RabRabR3
(−4 +D)(−2 +D)6(−1 +D)3(−128 + 32D +D3)(−96 + 48D − 8D2 +D3)
− (155648 + 231424D − 530176D
2 + 136384D3 − 14336D4 + 4272D5 + 1296D6 − 204D7 + 16D8 +D9)R5
(−4 +D)(−2 +D)6(−1 +D)4(−128 + 32D +D3)(−96 + 48D − 8D2 +D3)
− 240(−80− 100D + 8D
2 + 7D3)RabRcdR2Wacbd
(−4 +D)(−3 +D)(−2 +D)5(−1 +D)2(96− 48D + 7D2)
− 10(−128 + 896D − 2552D
2 + 3900D3 − 2970D4 + 425D5 + 710D6 − 243D7 − 10D8 + 8D9)R3WabcdWabcd
(−4 +D)(−3 +D)(−2 +D)4(−1 +D)3(16− 48D + 49D2 − 17D3 + 2D4)(16− 56D + 69D2 − 27D3 + 4D4)
+
240(64− 256D + 260D2 + 292D3 − 795D4 + 516D5 − 35D6 − 42D7 + 8D8)RabR2WacdeWbcde
(−4 +D)(−3 +D)(−2 +D)4(−1 +D)2(16− 48D + 49D2 − 17D3 + 2D4)(16− 56D + 69D2 − 27D3 + 4D4)
+
1920(−48− 14D + 7D2)RacRabRdeRWbdce
(−4 +D)(−3 +D)(−2 +D)5(−1 +D)(96− 48D + 7D2)
− 240(128− 704D + 1464D
2 − 1240D3 + 60D4 + 503D5 − 221D6 + 28D7)RabRcdRWacefWbdef
(−4 +D)(−3 +D)(−2 +D)4(−1 +D)(16− 48D + 49D2 − 17D3 + 2D4)(16− 56D + 69D2 − 27D3 + 4D4)
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− 11520Ra
cRabRd
fRdeWbecf
(−3 +D)(−2 +D)5(96− 48D + 7D2)
− 20(3632− 7644D − 4296D
2 + 23905D3 − 23526D4 + 8466D5 + 560D6 − 1437D7 + 478D8 − 70D9 + 4D10)R2WabefWabcdWcdef
(−4 +D)(−3 +D)(−2 +D)3(−1 +D)2(11− 6D +D2)(−22 + 26D − 9D2 +D3)(176− 600D + 775D2 − 482D3 + 161D4 − 28D5 + 2D6)
− 240(128− 704D + 1464D
2 − 1240D3 + 60D4 + 503D5 − 221D6 + 28D7)RacRabRWbdefWcdef
(−4 +D)(−3 +D)(−2 +D)4(−1 +D)(16− 48D + 49D2 − 17D3 + 2D4)(16− 56D + 69D2 − 27D3 + 4D4)
− 15360Ra
cRabRb
dRefWcedf
(−3 +D)(−2 +D)5(96− 48D + 7D2)
+
960(4− 12D + 11D2)RacRabRdeWbdfgWcefg
(−4 +D)(−3 +D)(−2 +D)4(16− 56D + 69D2 − 27D3 + 4D4)
+
160(−232 + 550D − 253D2 − 242D3 + 221D4 − 62D5 + 6D6)RabRWacdeWbcfgWdefg
(−4 +D)(−3 +D)(−2 +D)3(−1 +D)(11− 6D +D2)(176− 600D + 775D2 − 482D3 + 161D4 − 28D5 + 2D6)
+
320(4− 12D + 11D2)RacRabRbdWcefgWdefg
(−4 +D)(−3 +D)(−2 +D)4(16− 56D + 69D2 − 27D3 + 4D4)
− 80(12− 28D + 17D
2)RabRcdWac
efWbd
ghWefgh
(−3 +D)(−2 +D)3(176− 600D + 775D2 − 482D3 + 161D4 − 28D5 + 2D6)
− 15(−528 + 482D + 241D
2 − 425D3 + 194D4 − 39D5 + 3D6)RWabefWabcdWcdghWefgh
(−4 +D)(−3 +D)(−2 +D)2(−1 +D)(85− 99D + 48D2 − 11D3 +D4)(−170 + 316D − 224D2 + 79D3 − 14D4 +D5)
− 80(12− 28D + 17D
2)Ra
cRabWb
defWcd
ghWefgh
(−3 +D)(−2 +D)3(176− 600D + 775D2 − 482D3 + 161D4 − 28D5 + 2D6)
+
240RabWa
cdeWbc
fgWde
hiWfghi
(−4 +D)(−3 +D)(−2 +D)2(85− 99D + 48D2 − 11D3 +D4)
− 4(−5 + 4D)Wab
efWabcdWcd
ghWef
ijWghij
(−3 +D)(−2 +D)(−1150 + 2954D − 3202D2 + 1934D3 − 705D4 + 155D5 − 19D6 +D7) . (68)
B Behaviour of βp,q for D > 4
Here we will show that βp,q cannot have any dimension specific zeroes for D > 4. By this we
mean that for no values of p, q does βp,q admit a factor (D −N) for some integer N > 4, therefore
indicating that the covariant expressions for quasi-topological Lagrangians presented in the main
text are valid for arbitrary n > 2 in arbitrary D > 4.
Our argument will make use of Descartes’ rule of signs. Recall that this rule indicates that
when a polynomial is ordered by descending variable coefficients the number of real, positive roots
is either equal to the number of sign differences between consecutive non-zero coefficients, or differs
from it by an even number. Certainly a necessary condition for βp,q to admit a dimension-specific
zero would be for it to admit a zero for some real, positive D > 4. Therefore, our objective will be
to prove that this cannot be the case.
Written in terms of the quantity x = D − 4, the factor in βp,q becomes
2(x+ 1)p
[
(−1)p2q(x+ 2)p+q + 4xq + 2xq+1]+ (−1)p+q4q2p [2 + 3x+ x2] , (69)
where we have included an extra factor of 2q+1 to ensure that all the coefficients are integers.
We will now show that in fact the coefficients in this object always have sign governed by (−1)p.
First, by examining the positions of the (−1)p and (−1)p+q factors, we can recognize fairly easily
the places where sign flips must occur if they do at all: Between the coefficients of xq+2 and xq+1,
between xq+1 and xq, between xq and xq−1, between x3 and x2, between x2 and x, or finally between
x and the constant term. We must work through a few cases:
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Case I: q > 2, p ≥ 0. For the terms xq and xq+1 it is sufficient to look just at the terms in the
square brackets and ignore the overall factor of (1 + x)p. In this case, the coefficient of xq+1
in the square brackets is
(−1)p2p+q−1 (p+ q)!
(q + 1)!(p− 1)!(1− δp,0) + 2 , (70)
where the δp,0 is the Kronecker symbol, indicating here that the first term is present only for
p > 0. We see that the term never vanishes, and always has sign equal to that of (−1)p. The
coefficient of xq is
(−1)p2p+q (p+ q)!
q!p!
+ 4 , (71)
which again never vanishes and has sign equal to that of (−1)p. Next observe that the
coefficient of x2 is:
(−1)p22q+p
[
p(p− 1) + (p+ q)(p+ q − 1)
4
+ p(p+ q) + (−1)q
]
. (72)
Again, under the present assumptions this quantity does not vanish and always has sign of
(−1)p. The coefficient of x is:
(−1)p22q+p [3p+ q + 3(−1)q] , (73)
which can vanish for the case q = 3 if p = 0, but otherwise has sign (−1)p. Finally, the
constant term is
2(−1)p22q+p [1 + (−1)q] , (74)
it vanishes for odd q, but when non-zero always has sign (−1)p. This then proves that in the
case q > 2 and p ≥ 0 the entire object has sign (−1)p. Therefore by Descartes’ rule of signs
there can be no positive roots, and therefore no dimension dependent zeros other than D = 4
under these assumptions.
Case II: q = 2, p ≥ 0. In this case, we need to consider the coefficient of x3 from inside the first
set of square brackets. This coefficient is:
(−1)p2p(p+ 2)(p+ 1)p
3
+ 2 . (75)
This term always has sign (−1)p as when p = 0 it is positive, and for p ≥ 1, the first term is
always larger in magnitude than the second and so the sum of the two has sign (−1)p. The
coefficient of x2 is given by:
(−1)p24+p
[
1 + p(p− 1) + (p+ 1)(p+ 2)
4
+ p(p+ 2)
]
+ 8 . (76)
Again, it is easy to see that the first term here always overwhelms the second, and the overall
sign is (−1)p. The coefficient of x is
(−1)p24+p [3p+ 5] , (77)
which has sign (−1)p. And finally, the constant term is given by
64(2)p(−1)p , (78)
which obviously has the correct behaviour. Therefore, for the case q = 2 and p ≥ 0, the
coefficients of the polynomial are always of the sign (−1)p and there are no dimension-specific
zeros for D > 4.
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Case III: q = 1, p ≥ 0. Here, the coefficient of x2 is
(−1)p22+p
[
p(p− 1) + p(p+ 1)
4
+ p(p+ 1)− 1
]
+ 4(1 + 2p) . (79)
When p = 0, the term in brackets in negative, but the +4 ensures the coefficient is positive.
When p > 0, it is clear that the term in brackets dominates. Thus, the sign is always (−1)p.
The coefficient of x is:
(−1)p22+p [3p− 2] + 8 . (80)
In this case, the p = 1 term vanishes, but when non-vanishing the coefficient is always of sign
(−1)p. In this case the constant term vanishes. Therefore, for the case q = 1 and p ≥ 0, the
coefficients of the polynomial are always of the sign (−1)p and there are no dimension-specific
zeros for D > 4.
Case IV: q = 0, p ≥ 0. Finally, we consider the case q = 0. Here the coefficient of x2 is
(−1)p2p
[
p(p− 1) + p(p− 1)
4
+ p2 + 1
]
+ 4p2 , (81)
which vanishes for p = 1 but otherwise has the sign (−1)p. The coefficient of x is
(−1)p2p [3p+ 3] + 4(1 + 2p) , (82)
which can easily be seen to have the correct sign. Finally, the constant term is now
4(2p)(−1)p + 8 (83)
which has the correct behaviour. Therefore, for the case q = 0 and p ≥ 0, the coefficients
of the polynomial are always of the sign (−1)p and there are no dimension-specific zeros for
D > 4.
We have therefore shown that for all non-negative values of p and q, βp,q when written in terms
of x = D−4 gives rise to a polynomial in x that possesses all coefficients of the same sign. Therefore,
by Descartes’ rule of signs we can conclude that βp,q (excluding the cases (p, q) = (1, 0), (0, 1) and
(1, 1) where βp,q trivially vanishes), has no zeroes for positive real x. This then tells us that βp,q
cannot have any dimension specific zeroes. Therefore, the expressions for the quasi-topological
Lagrangians presented in the main text can be seen to hold at all orders and in all dimensions
D > 4.
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